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Abstract
A nonlinearly realized supersymmetric action describing the invariant
couplings of the Goldstino to matter is constructed. Using the Akulov-Volkov
Lagrangian, any operator can be made part of a supersymmetric invariant
action. Of particular interest are interaction terms which include the prod-
uct of the Akulov-Volkov Lagrangian with the ordinary matter Lagrangian
as well as the coupling of the product of the covariant derivative of the Gold-
stino field to the matter supersymmetry current. The later is the lowest
dimensional operator linear in the Goldstino field. A Goldstino Goldberger-
Treiman relation is established and shown to be satisfied by the effective
action.
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1 Introduction
If supersymmetry (SUSY) is to be realized in nature, it must be as a broken
symmetry. The breaking mechanism which maintains the perponderance of
the dynamical constraints of the symmetry and hence is theoretically most
attractive, is a spontaneous one. Indeed many of the currently investigated
attempts to construct realistic models of electroweak symmetry breaking
incorporating SUSY use spontaneous supersymmetry breaking in one form
or another. This includes both the so-called hidden sector [1] and visible
sector classes of models [2].
A general consequence of the spontaneous breakdown of global super-
symmetry is the appearance of a Nambu-Goldstone fermion, the Goldstino
[3], [4]. The leading term in the action describing its self dynamics at energy
scales below 4pi
κ
, where 1
κ
is the Goldstino decay constant, is uniquely fixed
by the Akulov-Volkov effective Lagrangian [3] which takes the form
LAV = −
1
2κ2
detA (1.1 )
where
Aµ
ν ≡ δνµ + iκ
2λ
↔
∂µ σ
νλ¯ . (1.2 )
Here λ(λ¯) is the Goldstino Weyl spinor field. This effective Lagrangian pro-
vides a valid description of the Goldstino self interactions independent of the
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particular (non-perturbative) mechanism by which the SUSY is dynamically
broken [5]. Moreover, if the spontaneously broken supersymmetry is gauged,
with the erstwhile Goldstino degrees of freedom absorbed to become the lon-
ditudinal (spin 1/2) modes of the gravitino via the super-Higgs mechanism,
then the action formed from the Akulov-Volkov Lagrangian also describes
the dynamics of those modes. This is completely analogous to using the
gauged non-linear sigma model to represent the dynamics of the longitudi-
nal degrees of freedom of the W± and Z0 vector bosons independent of the
particular mechanism employed to break the electroweak symmetry.
Nonlinear realizations of symmetry transformations allow a model in-
dependent analysis of the dynamical consequences of spontaneous symme-
try breaking using the Nambu-Goldstone degrees of freedom. This is true
whether the part of the theory responsible for the symmetry breaking is
strongly or weakly interacting. If weakly interacting, such as in the standard
electroweak model with a light Higgs scalar, then the low energy physics can
be directly calculated in perturbation theory. On the other hand, if the sym-
metry breaking sector of the model is strongly interacting, then explicit direct
calculations of dynamical consequences can prove quite difficult. Since there
are many such models of SUSY breaking presently studied, it is worthwhile to
determine, in a completely model independent way, the various consequences
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of the supersymmetry breaking.
Using non-linear realizations of supersymmetry for both the Goldstino
and non-Goldstino degrees of freedom, Samuel and Wess [6] constructed su-
persymmetric invariant couplings of the Goldstino to matter. Their con-
struction entailed a somewhat elaborate procedure in which the Goldstino
field and all matter fields are promoted to become superfields whose lowest
components are the ordinary fields themselves and whose higher components
involve the product of Goldstino fields and derivatives of the lowest compo-
nents. For the special case of the Goldstino promoted superfields, the θ or θ¯
components also contain the Goldstino decay constant as an additive com-
ponent. Using these superfields, every ordinary operator can then be cast as
part of a manifestly supersymmetric action. While this procedure is elegant
and complete, it does require the introduction of a considerable amount of
additional (super) structure.
In this paper, we present an alternate construction of a non-linearly real-
ized supersymmetric invariant action. Our procedure works directly with the
ordinary (component) Goldstino and matter fields and does not require the
introduction of entire superfield structures. Thus in a simple and straight-
forward manner, we can make any ordinary operator part of a manifestly
supersymmetric action. After introducing the non-linear SUSY transforma-
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tions and covariant derivative, we construct the SUSY (and internal symme-
try) invariant action terms using the special properties of the Akulov-Volkov
Lagrangian. We focus on two particular interaction terms. One involves the
coupling of the Akulov-Volkov Lagrangian to the ordinary matter action.
Once the ordinary matter action is appropriately normalized, the coefficient
of this term is fixed solely by the Goldstino decay constant. Another ac-
tion term, which is the lowest dimensional operator linear in the Goldstino
field, involves the coupling of its (SUSY covariant) derivative to the ordinary
matter supersymmetry current. This coupling is then used to show that a
Goldberger-Treiman relation [7] associated with the spontaneous supersym-
metry breaking is indeed satisfied.
5
2 Nonlinear SUSY Transformations
The self dynamics of the Goldstino can be encapsulated in the Akulov-Volkov
Lagrangian Eq. (1.1). The supersymmetry transformations are nonlinearly
realized on the Goldstino field by
δQ(ξ, ξ¯)λα =
1
κ
ξα − iκ(λσρξ¯ − ξσρλ¯)∂ρλ
α
δQ(ξ, ξ¯)λ¯α˙ =
1
κ
ξ¯α˙ − iκ(λσ
ρξ¯ − ξσρλ¯)∂ρλ¯α˙ , (2.1 )
where ξα, ξ¯α˙ are Weyl spinor SUSY transformation parameters. The Akulov-
Volkov Lagrangian then transforms as a total divergence
δQ(ξ, ξ¯)LAV = −iκ∂ρ[(λσ
ρξ¯ − ξσρλ¯)LAV ] (2.2 )
and hence the associated action
IAV =
∫
d4x LAV (2.3 )
is SUSY invariant:
δQ(ξ, ξ¯)IAV = 0 . (2.4 )
The supersymmetry algebra can also be nonlinearly realized on the matter
(non-Goldstino) fields, generically denoted by φi, where i can represent any
Lorentz or internal symmetry labels, as
δQ(ξ, ξ¯)φi = −iκ(λσ
ρξ¯ − ξσρλ¯)∂ρφi . (2.5 )
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This is referred to as the standard realization [6]. Forming the SUSY Ward
identity functional differential operator
δQ(ξ, ξ¯) =
∫
d4x[δQ(ξ, ξ¯)λα
δ
δλα
+ δQ(ξ, ξ¯)λ¯α˙
δ
δλ¯α˙
+
∑
i
δQ(ξ, ξ¯)φi
δ
δφi
], (2.6 )
one readily establishes the SUSY algebra
[δQ(ξ, ξ¯), δQ(η, η¯)] = −2iδP (ξση¯ − ησξ¯)
[δQ(ξ, ξ¯), δP (a)] = 0 . (2.7 )
As usual, the space-time translations are given by
δP (a)λα = aµ∂µλ
α
δP (a)λ¯α = a
µ∂µλ¯α
δP (a)φi = a
µ∂µφi , (2.8 )
with aµ the global space-time translation parameter and
δP (a) =
∫
d4x[δP (a)λα
δ
δλα
+ δP (a)λ¯α˙
δ
δλ¯α˙
+
∑
i
δP (a)φi
δ
δφi
] (2.9 )
is the space-time translation Ward identity function differential operator.
Under the non-linear SUSY standard realization, the derivative of a mat-
ter field transforms as
δQ(ξ, ξ¯)(∂νφi) = ∂ν [δ
Q(ξ, ξ¯)φi]
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= −iκ(λσρξ¯ − ξσρλ¯)∂ρ(∂νφi)− iκ∂ν(λσ
ρξ¯ − ξσρλ¯)∂ρφi .
(2.10 )
In order to eliminate the second term on the RHS and thus restore the
SUSY covariance, we introduce a SUSY covariant derivative which transforms
analogously to φi. To achieve this, we note that
δQ(ξ, ξ¯)Aµ
ν = −iκ[(λσρξ¯ − ξσρλ¯)∂ρAµ
ν + ∂µ(λσ
ρξ¯ − ξσρλ¯)Aρ
ν ] , (2.11 )
from which it follows that
δQ(ξ, ξ¯)(A−1)µ
ν = −(A−1)µ
ρ[δQ(ξ, ξ¯)Aρ
σ](A−1)σ
ν
= −iκ[(λσρξ¯ − ξσρλ¯)∂ρ(A
−1)µ
ν
− ∂ρ(λσ
ν ξ¯ − ξσνλ¯)(A−1)µ
ρ] , (2.12 )
where
(A−1)µ
νAν
ρ = δρµ . (2.13 )
We are thus led to define the non-linearly realized SUSY covariant derivative
as
Dµφi = (A
−1)µ
ν∂νφi , (2.14 )
so that under the standard realization of SUSY:
δQ(ξ, ξ¯)(Dµφi) = −iκ(λσ
ρξ¯ − ξσρλ¯)∂ρ(Dµφi) . (2.15 )
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In addition to the SUSY and space-time translations, we can also define
R-transformations under which the Goldstino field transforms as [8]
δR(ω)λα = iωλα
δR(ω)λ¯α˙ = −iωλ¯α˙ . (2.16 )
Forming the R-transformation Ward identity functional differential operator
δR(ω) =
∫
d4x[δR(ω)λα
δ
δλα
+ δR(ω)λ¯α˙
δ
δλ¯α˙
+
∑
i
δR(ω)φi
δ
δφi
] , (2.17 )
it is readily established that the algebra
[δR(ω), δQ(ξ, ξ¯)] = δQ(−iωξ, iωξ¯) (2.18 )
holds independent of form of δR(ω)φi. The action formed from the Akulov-
Volkov Lagrangian is invariant under R-symmetry, supersymmetry and space-
time translations. Moreover the improved currents associated with these
symmetries have been shown [8] to form the components of a supercurrent
[9]. Thus all conservation laws and anomalies are derivable from the super-
current conservation law and the generalized trace anomaly [10][11].
Since the Goldstino field transforms as a singlet under any internal sym-
metry transformation, δG(Λ)λα = 0 = δG(Λ)λ¯α˙, the Akulov-Volkov action is
also invariant under internal symmetry transformations:
δG(Λ)IAV = 0 , (2.19 )
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where Λ parametrizes the transformation. Denoting the internal symmetry
matter field transformation as δG(Λ)φi, then the Ward identity functional
differential operator characterizing the internal symmetry transformation is
δG(Λ) =
∫
d4x
∑
i
δG(Λ)φi
δ
δφi
(2.20 )
Note that if the internal symmetry is gauged, the non-linearly realized SUSY,
gauge covariant derivative, Eq. (2.14), is replaced with
Dµφi = (A
−1)µ
νDνφi , (2.21 )
where Dµφi is the ordinary gauge covariant derivative.
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3 Invariant Actions
We now construct actions containing the Goldstino and matter fields which
are invariant under both SUSY and internal symmetry transformations. The
Akulov-Volkov action is one such term which contains the Goldstino kinetic
term and self couplings. Using the Akulov-Volkov Lagrangian, we can form
SUSY invariant actions out of any Lorentz and internal symmetry singlet
operator O = O(φ,Dφ). To achieve this, we note that under the non-linear
standard realization of SUSY given by Eqs. (2.1, 2.5, 2.10), such an operator
transforms as
δQ(ξ, ξ¯)O(φ,Dφ) = −iκ(λσρξ¯ − ξσρλ¯)∂ρO(φ,Dφ) . (3.1 )
Consequently the action
IO = −2κ
2CO
∫
d4x LAV O
= CO
∫
d4x (detA) O , (3.2 )
with CO a constant, is SUSY invariant:
δQ(ξ, ξ¯)IO = 0 . (3.3 )
Since LAV is defined so as to contain the additive constant term −
1
2κ2
(or
equivalently, the detA starts with the identity), the action IO includes the
piece CO
∫
d4xO(x) for any operator O.
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One special case is afforded by using the internal symmetry invariant
ordinary matter Lagrangian Lφ(φ,Dφ) where all derivatives are replaced by
SUSY covariant derivatives. Under SUSY
δQ(ξ, ξ¯)Lφ(φ,Dφ) = −iκ(λσ
ρξ¯ − ξσρλ¯)∂ρLφ(φ,Dφ) , (3.4 )
while under the internal group transformation, the Lagrangian is invariant:
δG(Λ)Lφ(φ,Dφ) = 0 . (3.5 )
It follows that the action
ILL = −2κ
2
∫
d4x Lφ(φ,Dφ) LAV (λ, λ¯) (3.6 )
is both SUSY and internal symmetry invariant
δQ(ξ, ξ¯)ILL = 0 (3.7 )
δG(Λ)ILL = 0 . (3.8 )
Note that in the absence of Goldstino fields, this action reduces to the ordi-
nary matter action Iφ =
∫
d4xLφ(φ, ∂µφ) so ILL contains the ordinary matter
action as well as couplings of the Goldstino to matter. Thus once the nor-
malization of the ordinary matter action is fixed, so are its couplings to the
Goldstino field. As such this term requires no additional independent cou-
pling constant. Further note that using the non-linear realization, various
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higher dimensional operators such as the electron anomalous magnetic mo-
ment operator, can also be made part of a SUSY invariant action. On the
other hand, such a term cannot be included in a SUSY invariant action if
the supersymmetry is linearly realized [12].
Both IAV and ILL depend on λ, λ¯ only through A
µν and thus only through
the bilinear combination λλ¯ (and derivatives). While, by using the Goldstino
field, any Lorentz and internal symmetry singlet can incorporated into a
supersymmetric invariant action, the most natural setting is to consider those
pure matter actions which allow for linear realizations of the supersymmetry.
In that case, using the associated internal symmetry singlet supersymmetry
currents Qµφ α(φ, ∂µφ) and Q¯
µ
φ α˙(φ, ∂µφ), we can construct another invariant
action whose Goldstino dependence is odd in λ, λ¯ and in fact starts off as
linear in ∂µλ. Letting Q
µ
φ α = Q
µ
φ α(φ,Dφ) and Q¯
µ
φ α˙ = Q¯
µ
φ α˙(φ,Dφ) be
the matter supercurrents where all space-time derivatives are replaced by
non-linearly realized SUSY covariant derivatives, it follows that under the
standard realization of SUSY that
δQ(ξ, ξ¯)Qµφ α = −iκ(λσ
ρξ¯ − ξσρλ¯)∂ρQ
µ
φ α
δQ(ξ, ξ¯)Q¯µφ α˙ = −iκ(λσ
ρξ¯ − ξσρλ¯)∂ρQ¯
µ
φ α˙ (3.9 )
while
δG(Λ)Qµφ α = 0 = δ
G(Λ)Q¯µφ α˙ . (3.10 )
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When used in conjunction with the SUSY transformations:
δQ(ξ, ξ¯)(Dµλ
α) = −iκ(λσρξ¯ − ξσρλ¯)∂ρ(Dµλ
α)
δQ(ξ, ξ¯)(Dµλ¯α˙) = −iκ(λσ
ρξ¯ − ξσρλ¯)∂ρ(Dµλ¯α˙) (3.11 )
we construct the invariant action
IλQ = −2κ
3CQ
∫
d4x LAV (Dµλ
αQ
µ
φ α + Q¯
µ
φ α˙Dµλ¯
α˙) (3.12 )
where CQ is a constant. This action satisfies
δQ(ξ, ξ¯)IλQ = 0 (3.13 )
δG(Λ)IλQ = 0 . (3.14 )
Using the form of the Akulov-Volkov Lagrangian and the SUSY covariant
derivative, we see that
IλQ = κCQ
∫
d4x[∂µλ
αQ
µ
φ α(φ, ∂νφ) + Q¯
µ
φ α˙(φ, ∂νφ)∂µλ¯
α˙] + ... (3.15 )
which is coupling linear in the Goldstino field. In fact, this mass dimension 6
operator contains the smallest power of κ coefficient of the various couplings
of the Goldstino to matter. The appearance of the coupling of the Goldstino
field to the divergence of the matter supersymmetry current is certainly an-
ticipated. In fact, it is reminiscent of the situation in spontaneously broken
chiral symmetry where the Nambu-Goldstone pion couples derivatively to
the spontaneously broken matter chiral symmetry current.
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Combining the various terms, we secure the SUSY and internal symmetry
invariant action
I = IAV + ILL + IλQ
=
∫
d4x LAV − 2κ
2
∫
d4x LAV Lφ
− 2κ3CQ
∫
d4x LAV (Dµλ
αQ
µ
φ α + Q¯
µ
φ α˙Dµλ¯
α˙) (3.16 )
which satisfies
δQ(ξ, ξ¯)I = 0 (3.17 )
and
δG(Λ)I = 0 . (3.18 )
The action starts out as
I =
∫
d4x[LAV + Lφ + κCQ(∂µλ
αQ
µ
φ α + Q¯
µ
φ α˙∂µλ¯
α˙) + ...] (3.19 )
so that
δI
δλα
=
δIAV
δλα
− κCQ∂µQ
µ
φ α + ...
= −
i
2
detA(A−1)νµ(σν∂µλ¯)α − κCQ∂µQ
µ
φ α + ...
= −iσµαα˙∂µλ¯
α˙ − κCQ∂µQ
µ
φ α + ... (3.20 )
and the Goldstino field equation takes the form
σ
µ
αα˙
1
i
∂µλ¯
α˙ = κCQ∂µQ
µ
φ α + ... . (3.21 )
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4 Goldberger-Treiman Relation
As a consequence of their Nambu-Goldstone nature, the coupling of the Gold-
stino to matter is constrained to satisfy certain general relationships. One
such constaint is the analog of the Goldberger-Treiman relationship [7] fa-
miliar from pion physics and spontaneously broken chiral symmetry. When
applied to spontaneously broken supersymmetry, the analogous relation ties
form factors of the supersymmetry and Goldstino currents at zero momen-
tum transfer to the Goldstino decay constant and mass differences between
matter boson and fermion states. The Lorentz decomposition of the super-
symmetry current Qµα taken between arbitrary single particle (scalar) Bose
and (spin 1/2) Fermi states, |p1;B > and |p2;F >, of masses mB and mF
and carrying 4-momenta pµ1 and p
µ
2 , respectively, takes the form
< p1;B|Q
µ
α(0)|p2;F >= [A1(q
2)qµ + A2(q
2)kµ + A3(q
2)σµσ¯ · q]α
βχβ(p2)F
+ [A4(q
2)σµ + A5(q
2)qµσ · q + A6(q
2)kµσ · q]αα˙χ¯
α˙(p2)F
(4.1 )
where qµ = (p1 − p2)
µ and kµ = (p1 + p2)
µ and the fermion spinors satisfy
σ · p2χ¯(p2)F = −mFχ(p2)F
σ¯ · p2χ(p2)F = −mF χ¯(p2)F . (4.2 )
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Conservation of the supersymmetry current, ∂µQ
µ
α = 0 then relates the vari-
ous form factors as
q2[A1(q
2)− A3(q
2)] = (m2B −m
2
F )A2(q
2) . (4.3 )
Since the massless Goldstino directly couples to the supersymmetry cur-
rent, some of these form factors are singular in the q2 → 0 limit. Thus before
taking this limit, we need to include the effect of the massless Goldstino pole.
This pole is reflected in the non-vanishing matrix element of the supersym-
metry current between the vacuum and single Goldstino state, |q;λ >, of
4-momentum qµ which is given by
< 0|Qµα(0)|q;λ >=
1
iκ
σ
µ
αα˙χ¯
α˙
λ , (4.4 )
where κ−1 is the Goldstino decay constant.
It follows that the combinationQµα−
1
iκ
σ
µ
αα˙λ¯
α˙ has vanishing matrix element
between the vacuum and single Goldstino state. The matrix element of this
combination taken between the single Bose state and single Fermion state
can then be Lorentz decomposed just as in Eq. (4.1) where now the various
form factors are all non-singular in the q2 → 0 limit.
Finally, the Goldstino current jGα is defined through the Goldstino field
equation
σ
µ
αα˙
1
i
∂µλ¯
α˙ = jGα . (4.5 )
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Taking its matrix element between the Bose and Fermi states leads to the
Lorentz decomposition
< p1;B|j
G
α (0)|p2;F >= B1(q
2)χα(p2)F +B2(q
2)(σ · q)αα˙χ¯
α˙(p2)F (4.6 )
and thus
< p1;B|λ¯
α˙(0)|p2;F >= −
B1(q
2)
q2
(σ¯ · q)α˙αχα(p2)F +B2(q
2)χ¯α˙(p2)F . (4.7 )
Since the form factors of the combination Qµα−
1
iκ
σ
µ
αα˙λ¯
α˙ are regular as q2 → 0,
we see on comparison of Eqs. (4.1) and (4.7) that the A1(q
2) form factor is
regular while the A3(q
2) form factor is singular. The singular piece is given
by
lim
q2→0
q2A3(q
2) =
i
κ
B1(0) . (4.8 )
Sustituting into Eq. (4.3) and taking the q2 → 0 limit we secure the Goldstino
Goldberger-Treiman relation
−
i
κ
B1(0) = (m
2
B −m
2
F )A2(0) . (4.9 )
To establish that the effective action Eq. (3.16) satisfies this Goldstino
Goldberger-Treiman relation, we note that a Noether construction of the
conserved supersymmetry current starts out as
Qµα = CQQ
µ
φ α + ... , (4.10 )
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while the Goldstino field equation Eq. (3.21) provides the identification of
the Goldstino current as
jGα = κCQ∂µQ
µ
φ α + ... . (4.11 )
For the “matter” supersymmetry current we use [9] [13]
Q
µ
φ α = ∂
µA¯ψα + ... , (4.12 )
where A¯ (ψ) are the Bose (Fermi) fields creating (destroying) the Bose
(Fermi) states in the matrix elements of the Lorentz decomposition of the
supersymmetry and Goldstino currents. The matrix elements are readily
computed yielding
A2(0) = −
i
2
CQ
B1(0) =
κ
2
(m2B −m
2
F )CQ (4.13 )
and the Goldberger-Treiman relation, Eq. (4.9) is indeed satisfied.
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